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Introduction

Here and hereafter, B(H) and NB(H) denote, respectively, to the algebra of all bounded and class
of normal linear operators acting on a complex Hilbert space H .An operator T € B(H) is called normal
operator if TT* = T*T, n-normal if T"T* = T*T™, binormal if T*T commutes with TT*, n- binormal if
T*T"T"T* = T"T*T*T", isometry if T*T=l , 2-isometry if T*2T2 —2T*T +1 =0 and n-isometry if
Shoo(-DF (1) TRk = 0,

The properties of binormal, n-binormal, isometry and n-isometry operators and operators related
with them were extensively studied by many authors Panayappan and Sivamani(2012) studied n-binormal
operators, Alzuraiqi, Patel(2010) On n-Normal Operators, Riyadh Rustam Al-Mosawi and Hadeel Ali
Hassan(2014) A Note On Normal and n-Normal Operators, Jibril, A.A.S. (2008) On n-power normal
operators, Jibril (2010) On operators for which T*2T? = (T*T)?, Panayappan, (2012) On n-power class (Q)
operators, Naoum and Nassir (2007) Pseudo-normal operators.

The Main Results

For simplicity, we cursor IB(H) to denote the algebra of invertible linear bounded operators acting
on Hilbert space and we cursor INB(H) if the operator is an invertible normal.
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Proposition 2.1: If T € INB(H) is an operator, then
((T*T_l)*(T*T_l))n _ (T*T_l)*n(T*T_l)n —
Proof: We prove by using Mathematical Induction.
Forn = 2andsince T € INB(H),
((T*T_l)*(T*T_l))z = (T* T~V (T*T-Y)(T*T-V)*(T*T~1)
=T TT*T'T* T T~ = T ' T*TT'T* " T*TT = I.
Now,

(T*T~H (T TH2 = (T T~V (T TV (T T )T T =77 7T ' TT* T~ 7T !
=7 TT T IT '\ T =T TIT*"T =T T"TT™' = 1.

and
((T*T_l)*(T*T_l))Z _ (T*T_l)*z(T*T_l)z -

Suppose that the statement is true if n = k, i.e.

((T*T—l)*(T*T—l))k _ (T*T—l)*k(T*T—l)k —

For n=k+1,SinceT € INB(H),

(@7 @9 = (@ T @ T (T T T )"

Since the statement is true forn = K,
(T T TT YT T (T Tk = (T T~ (T T~Y)k = (T T~ 1(T*T 1)k =
(T T~ @ T TT Y (T T, = (T T ) (T (T (T Tk =

k+1

(T*T~H)*""(T*T"H1 = I.

This means that the statement is true if =k + 1.

Hence ((T*T-1)*(T*T~1)" = (') (I*TH"=1. =
Remark 2.1 Clearly, if T € INB(H), then T* € INB(H) and T~! € INB(H). (see Gheondea (2009)).
Theorem2.1: If T € INB(H) is an operator, then T*T ~1 is a n-binormal operator.

Proof: We prove by using Mathematical Induction
Forn=1

(T*T~"Y(T*T-H)*(T*T"D*(T*T~Y) = T*T-1T* 'TT* 'TT*T1
=TT T T T TT = T*TAT* ' TI = T*T*'T~1T = I (because T~ is normal) .
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Now,
(T*T~H(T*T"Y)T* T )T T Y =T ' TT*TT*T 1T T =T T*TT T*TT*'T
= UT*T T ' T =T*T* ' T T =1.
So
(T*T_l)(T*T_l)*(T*T_l)*(T*T_l) — (T*T_l)*(T*T_l)(T*T_l)(T*T_l)* _

Hence T*T ~is binormal operator.
Suppose that the statement is true for n = k, i.e.

(T*T—l)k(T*T—l)*(T*T—l)*(T*T—l)k — (T*T—l)*(T*T—l)k(T*T—l)k(T*T—l)*_
Forn=k+1
(T*T~H*YT*T-D*(T* T~ H(T*T"H = (T* T H)(T*T"HXT* T D (T*T"H(T*T"H*(T*T ).
Since the statement is true forn = k
(T*T~"HY(T*T"H(T* T HT*THNT*TH(T'T™Y) =
(T*T~H(T*T" YT T HTTHNTTHTT Y = (T*T"H(T* T H*YT*T-"H+(T*T~ 1) =
(T*T~-HYT*T-H(T*T~OD*(T*'T-H* = (T*T~H)*(T*T-H*Y(T* TH**(T*T~1)*  (because €
INB(H), T*T~' € INB(H)).
Therefore, the Statement is true if n = k + 1 . Hence the statement is true forany n € N, i.e.
(T*T~HYMT*TH(T*T"H(T*TH" = (T*T"H*(T*T"HMT*T"H™(T*T~H)*

Therefore, T*T~1 is a n-binormal operator —m

It is well-known that every normal operator not necessarily be an isometry operator.

7 0

Example :T = (0 7

) — T is normal but

T = (3 (7)) (3 (7)) = (409 409) #1

T is normal but not isometry

Theorem2.2: Let T € IB(H) is an operator. Then T is a normal operator iff T*T~! is an isometry
operator.

Proof: Suppose that T normal, this means that
(T* T V(T T Y)=T""TT*T 1 =T""T*TT 1 = I.
Hence T*T~1 is isometry. Suppose that T*T 1 is isometry. Then (T*T~)*(T*T"1) =T* TT*T 1 =1
.Hence T*T* 'TT*T~! = T*.So TT*T 1T = T*T. Therefore TT* = T*T.
Sowe havegot T isnormal. m
Theorem2.3: If T € INB(H) is an operator, then T*T 1 2-isometry iff T*T 1 isometry
Proof: Suppose that T*T 1 be an 2-isometry, then
(T*T~Y (T T~H2 = 2(T*T"D*(T*T"Y) + 1 = 0. So (T*T~H)*(T*T~1) — )? = 0.
Therefore (T*T~")*(T*T~1) —1 = 0.Hence (T*T~1)*(T*T~) = 1. So we have got T*T~1 isometry.
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Suppose that T*T 1 is an isometry, then (T*T~H)*(T*T~Y) =1. So (T*T~Y)*(T*T~') — I = 0. Therefore
((T*T~H)*(T*T~1) — )2 = 0. Hence (T*T~Y)*(T*T~1)2 — 2(T*T~"D*(T*T~1) + 1 = 0.

So T*T~! 2-isometry. m
Theorem?2.4: Let T € IB(H) is an operator. Then T is a normal operator iff T*T~1 is n-isometry operator.

Proof: Suppose that T normal. Hence

D GO GE T Ty = ) (S QT Ty
k=0 k=0

Z( DF (1) (@ T (T ) KK = (T (T = )" = (7T T =t =

(T 'T*TT~t =" = 0.
Hence T*T~1 n-isometry.

Suppose that T*T 1 n-isometry. Hence
Z( ¥ () T ey —Z( ¥ () T e

(T*THY(T* T H)-D"=T" 'TT*T" -1 = 0.
T*'TT*T~1 = . Thus TT* = T*T, which is implies that Tis normal. m

Corollary 2.1: Let T € IB(H) is an operator. Then T*T~! is an isometry operator iff T*T~! is n-
isometry operator.

Proof: Suppose that T*T~1 is an isometry operator, then
Z( D () @y ek = Z( 0¥ () @ Ty @k =

(T*TH*(T*T"1)—D"=0 (because T*T~! is an isometry operator ). Hence T*T~1 is n-isometry
operator.

Suppose that T*T~1 is n-isometry operator, then
Z( ¥ () =" @k —Z( DF () =" ey =

(T T HT*TH-=D"=(T*T"H*(T*T"H)—-1=0.
Hence

(T*T~H*(T*T~Y) =1.S0 T*T~! isanisometry operator m
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Corollary 2.2: Let T € IB(H) is an operator . If T*T~1 is an isometry operator, then T*T~! is binormal
operator.

Proof: Since T*T~1 is an isometry operator, by theorem (2.3), T is normal operator.
Since T is normal operator, by theorem (2.1), T*T~1 is binormal operator m

Corollary 2.3: Let T € IB(H) is an operator . If T*T~! is n- isometry operator, then T*T~1 is n-binormal
operator.

Proof: Since T*T~1 is n-isometry operator , by theorem (2.4), we have got T is normal operator
Since T is normal operator, by theorem (2.1), we have got T*T~! is n-binormal operator m
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